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Abstract
New generalized Poisson structures are introduced by using skew-symmetric
contravariant tensors of even order. The corresponding ‘Jacobi identities’ are
given by the vanishing of the Schouten-Nijenhuis bracket. As an example, we
provide the linear generalized Poisson structures which can be constructed on
the dual spaces of simple Lie algebras.
1 Standard Poisson structures
We report here on the generalized Poisson structures (GPS) introduced in [1]. They
are different from these of Nambu [2] and Takhtajan [3].
Let us start by recalling how the standard Poisson structures are introduced. Let
M be a manifold and F(M) be the associative algebra of smooth functions on M .
Definition 1.1 (PB) A Poisson bracket {·, ·} on F(M) is a bilinear mapping
F(M) × F(M) → F(M), (f1, f2) 7→ {f1, f2} such that {·, ·} is (a) skew-symmetric,
(b) satisfies the Leibniz rule (derivation property) and (c) the Jacobi identity (JI).
M is then called a Poisson manifold. Because of (a), (c) the space F(M) en-
dowed with a PB {·, ·} becomes an (infinite-dimensional) Lie algebra. Let xj be local
coordinates on U ⊂M and consider a PB of the form
{f(x), g(x)} = ωjk(x)∂jf∂kg , ∂j =
∂
∂xj
, j, k = 1, . . . , n = dimM (1)
Then, ωij(x) defines a PB if ωij(x) = −ωji(x) [(a)] and [(c)]
ωjk∂kω
lm + ωlk∂kω
mj + ωmk∂kω
jl = 0 . (2)
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The requirements (a) and (b) above indicate that the PB may be given in terms
of a skew-symmetric bivector field (Poisson bivector) Λ ∈ ∧2(M) which is uniquely
defined. Locally,
Λ =
1
2
ωjk∂j ∧ ∂k . (3)
Condition (2) is taken into account [4] by requiring the vanishing of the Schouten-
Nijenhuis bracket (SNB) [5] of Λ with itself, [Λ,Λ] = 0. Then, Λ defines a Poisson
structure (PS) on M and the PB is defined by
{f, g} = Λ(df, dg) , f, g ∈ F(M) . (4)
2 Generalized Poisson structures
Since (a) and (b) in Def. 1.1 are automatic for any bivector field, the only stringent
condition that a Λ ≡ Λ(2) defining a PS must satisfy comes from the JI, eq. (2) or
[Λ,Λ] = 0. It is then natural to consider generalizations of the standard PS in terms
of 2p-ary operations determined by skew-symmetric 2p-vector fields Λ(2p), the case
p = 1 being the standard one. Since the SNB vanishes identically if Λ′ is of odd
order, only [Λ′,Λ′] = 0 for Λ′ of even order (odd degree) will be non-empty. Having
this in mind, let us introduce first the generalized Poisson bracket [1].
Definition 2.1 A generalized Poisson bracket {·, ·, . . . , ·, ·} (GPB) on M is a 2p-
linear mapping F(M)×
2p
· · ·×F(M)→ F(M) assigning a function {f1, f2, . . . , f2p} to
every set f1, . . . , f2p ∈ F(M) which satisfies the following conditions:
(a) complete skew-symmetry in fj ;
(b) Leibniz rule: ∀fi, g, h ∈ F(M),
{f1, f2, . . . , f2p−1, gh} = g {f1, f2, . . . , f2p−1, h}+ {f1, f2, . . . , f2p−1, g}h ; (5)
(c) generalized Jacobi identity: ∀fi ∈ F(M),
1
(2p− 1)!
1
(2p)!
Alt {f1, f2, . . . , f2p−1, {f2p, . . . , f4p−1}} = 0 . (6)
Conditions (a) and (b) imply that our GPB may be given in terms of a skew-
symmetric multiderivative i.e., by a completely skew-symmetric 2p-vector field Λ(2p) ∈
∧2p(M). Condition (6) (to be compared with that in [2, 3]) will be called the gener-
alized Jacobi identity (GJI) and implies that Λ(2p) must satisfy [Λ(2p),Λ(2p)] = 0. In
local coordinates the GPB has the form
{f1(x), f2(x), . . . , f2p(x)} = ωj1j2...j2p(x)∂
j1f1 ∂
j2f2 . . . ∂
j2pf2p . (7)
where ωj1j2...j2p are the coordinates of a completely skew-symmetric tensor which, as
a result of (6), satisfies (cf. eq. (2))
Alt (ωj1j2...j2p−1k ∂
k ωj2p...j4p−1) = 0 . (8)
Definition 2.2 [1] A skew-symmetric 2p-vector field Λ(2p), locally written as (cf.
(3))
Λ(2p) =
1
(2p)!
ωj1...j2p ∂
j1 ∧ . . . ∧ ∂j2p , (9)
defines a generalized Poisson structure (GPS) iff [Λ(2p),Λ(2p)] = 0, which reproduces
eq. (8).
3 Generalized dynamics
The above GPB may be used to introduce an associated dynamics [1]. In it, a
generalized dynamical system is described by a set of (2p−1) ‘Hamiltonian’ functions
H1, H2, . . . , H2p−1. The time evolution of xj , f ∈ F(M) is then defined by
x˙j = {H1, . . . , H2p−1, xj} , f˙ = {H1, . . . , H2p−1, f} . (10)
The Hamiltonian vector field associated with the (2p−1) Hamiltonians H1, . . . , H2p−1
is defined by XH1,...,H2p−1 = idH1∧...∧dH2p−1Λ so that
XH1,...,H2p−1 = Λi1...i2p−1j∂
i1H1 . . . ∂
i2p−1H2p−1∂
j , (11)
x˙j = Xj = (XH1,...,H2p−1)j = Λi1...i2p−1j∂
i1H1 . . . ∂
i2p−1H2p−1 . (12)
Then, f˙ = XH1,...H2p−1 .f (= x˙j
∂f
∂xj
) is given by (10).
Remark. As is well known, the standard Jacobi identity among f1 , f2 and H is
equivalent to d
dt
{f1, f2} = {f˙1, f2} + {f1, f˙2}; thus, d/dt is a derivation of the PB.
The ‘fundamental identity’ for Nambu mechanics [2] and its further extensions [3]
also corresponds to the existence of a vector field DH1...Hk−1 which is a derivation of
the Nambu bracket. In contrast, the vector field (12) above is not a derivation of our
GPB. It should be noticed, however, that having an evolution vector field which is a
derivation of a PB is an independent assumption of the associated dynamics and not
a necessary one. It is also worth mentioning that the Nambu tensor [6] ǫi1...inin+1x
in+1
(in connection with the decomposability of Nambu tensors see [6, 7]) may also be
used here (for n even) since our GJI is also satisfied [1].
4 Linear generalized Poisson structures on the duals of sim-
ple Lie algebras
Let G be the Lie algebra of a simple Lie group G (compact, for simplicity). In this
case the de Rham cohomology ring on the group manifold G is the same as the Lie
algebra cohomology ring H∗(G,R) for the trivial action. In its Chevalley-Eilenberg
version the Lie algebra cocycles are represented by bi-invariant (i.e., left and right
invariant and hence closed) forms on G [8]. For instance, if using the Killing metric
kij we introduce the skew-symmetric tensor
ωijk = ω(ei, ej , ek) := k([ei, ej ], ek) = C
l
ijklk = Cijk , (i, j, k = 1, . . . , r = dimG) (13)
ei ∈ G, this defines by left translation a left-invariant (LI) three-form on G which is
also right-invariant. The bi-invariance of ω then reads
ω([el, ei], ej, ek) + ω(ei, [el, ej ], ek) + ω(ei, ej , [el, ek]) = 0 , (14)
where the ei are now understood as LI vector fields on G obtained by left translation
from the corresponding basis of G = Te(G). Eq (14) (the Jacobi identity) thus implies
a three-cocycle condition on ω which is in fact non-trivial as is well known. If we define
Λ(2) = 1
2
Cij
kxk∂
i∧∂j on the dual G∗ of G, we see that the condition (14) is equivalent
to [Λ(2),Λ(2)] = 0. Hence Λ(2) defines a (standard) linear Poisson structure. This
indicates that linear GPS on G∗ may be found by looking for higher order cocycles.
The cohomology ring of any simple Lie algebra of rank l is a free ring generated by
the l (primitive) forms on G of odd order (2m− 1). These forms are associated with
the l primitive symmetric invariant tensors ki1...im of order m which may be defined
on G and of which the Killing tensor ki1i2 is just the first example. As a result, it is
possible to associate a (2m− 2) skew-symmetric contravariant primitive tensor field,
linear in xj , to each symmetric invariant polynomial ki1...im of order m.
Theorem Let G be a simple compact algebra, and let ki1...im be a primitive invari-
ant symmetric polynomial of order m. Then, the tensor ωρl2...l2m−2σ
ωρl2...l2m−2σ := ǫ
j2...j2m−2
l2...l2m−2
ω˜ρj2...j2m−2σ , ω˜ρj2...j2m−2σ := ki1...im−1σC
i1
ρj2
. . . C
im−1
j2m−3j2m−2
(15)
is completely skew-symmetric and defines a Lie algebra cocycle on G. Furthermore
Λ(2m−2) =
1
(2m− 2)!
ωl1...l2m−2
σxσ∂
l1 ∧ . . . ∧ ∂l2m−2 (16)
defines a generalized Poisson structure on G. In particular the GPB
{xi1 , xi2, . . . , xi2m−2} = ωi1...i2m−2
σxσ (17)
where ωi1...i2m−2
σ are the ‘structure constants’ defining the (2m−1) cocycle and hence
the generalized PS.
We refer to [1] for the proof and for a further discussion (see also [9] for a closely
related structure). It may also be shown that different Λ(2m−2) , Λ(2m
′−2) tensors also
commute with respect to the SNB and that they generate a free ring. We shall
conclude by stressing that our scheme automatically provides us with an infinite set
of examples of linear GPS; specifically, l of them for each simple algebra of rank l. Of
them, the lowest one (given by the three cocycle (13)) is the standard PS associated
with the Lie algebra G, for which Λ(2) = 1
2
ωij∂
i ∧ ∂j where ωij = C
k
ijxk and C
k
ij are
the structure constants of G. Whether the present GPS have applications to physical
systems (see [1] for a simple example), at least at the level of Nambu’s generalization
(see [10] and references therein), is a matter for further work.
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